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Abstract
We design a fully polynomial-time approximation scheme for the problem of finding a triangulation of a simple polygon with a
constant number of sources of dilation that achieves the minimum vertex dilation.
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1. Introduction
Plane graphs are often used to model different variants of transportation networks like railroad, urban street and
water channel systems. The graph edges are in general piecewise smooth curves connecting their endpoint vertices.
The interiors of the edges are pairwise disjoint. A special case of a plane graph is a triangulated polygon with polygonal
holes.
One can measure the quality of a transportation network by the so called geometric dilation of its plane graph
model G [1,5,6]. Roughly speaking, the dilation of G is the maximum value of the ratio between the length of a
shortest path between two points p and q in G and the Euclidean distance between p and q taken over all pairs of
points p and q in G. Importantly, the points p and q are not constrained to vertices of G, they can be any points on the
edges of G. The variation of the concept of dilation where p and q are constrained to vertices of G while computing
the maximum is called the graph-theoretic or vertex dilation [5]. The vertex dilation is useful, for instance, in judging
the quality of railway, or more generally, public transportation systems where access is limited to stations.
While the interest in the geometric dilation of plane graphs is quite recent [1,5,6], the vertex dilation of non-
necessarily plane graphs has been extensively studied in the literature [7,13]. Several papers proposed efficient
construction of the so called good spanners, i.e., graphs of bounded vertex dilation, bounded degree, and total length
within a constant factor of the minimum length Euclidean spanning tree [2]. The early result by Dobkin et al. showing
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research direction [4] (a later sharper bound of 2.42 is due to Keil and Gutwin [12]).
But other important questions concerning the vertex dilation are still widely open [7]. Given a finite set, S, of points
in the plane, how fast can we compute a triangulation over S whose vertex dilation is as small as possible?1
More generally, let G denote a polygon with polygonal holes (e.g., the edges of G can be interpreted as edges of
terrain barriers). Now let T be a constrained triangulation of G over the vertex set of G, that is, one that contains all
edges of G and no edge crossing the exterior of G or an interior of a hole in G. For any two vertices v and u of G,
we compare the Euclidean length of the shortest path, χG∪T (u, v), that connects u to v using the edges of G and T ,
against the Euclidean length, distG(u, v), of the shortest u-to-v path in the plane that lies within G. How can we find
a constrained triangulation T that minimizes the vertex dilation of (G,T ), i. e., the value
max
p,q
χG∪T (p, q)
distG(p,q)
,
taken over all vertices p,q of G?
Unfortunately, these problems seem very hard. Even in the very special case when the input polygon is simple and
the distance between p and q is measured by the length of a shortest planar path within the polygon, no polynomial-
time algorithm is known (see [7]). The well known straight-forward dynamic programming framework, that can be
used to compute several variants of optimal triangulations and partitions of a simple polygon, fails here. The reason is
that the minimum vertex dilation criterion is very global and hence not amenable to a divide and conquer algorithm.
In this paper, we make some progress on this question by distinguishing a subset S of vertices of the input polygon
P which we term as sources of dilation. Then, computing the vertex dilation we take into account only those pairs of
vertices of P that have at least one member in S. We call the resulting value the vertex dilation of P with respect to S.
For instance, in applications, the sources of dilation may correspond to various centers of common interest. We provide
a fully polynomial-time approximation scheme (FPTAS) for the problem of computing a minimum vertex dilation of
a simple polygon with respect to a constant number of vertex dilation sources. Our FPTAS exploits the power of the
aforementioned dynamic programming framework to an extreme. It runs in time O((n/ε)6|S|+1n3) where n is the
number of vertices of the input polygon and 1 + ε is the upper bound on the approximation factor. Possibly, similar
approximation methods could be applied to other optimization problems for simple polygons.
2. Preliminaries
We shall denote the Euclidean length of a shortest path connecting vertices v and u within a simple polygon P
by distP (u, v). Recall that for a triangulation T of P , the length of a shortest path composed of edges of P and/or T
connecting v and u is denoted by χP∪T (u, v).
For a simple polygon P and a distinguished subset S of vertices of P (called dilation sources), we define the vertex
dilation of P with respect to S as the maximum of χP∪T (u,v)distP (u,v) over all pairs (u, v) of vertices where u or v is in S.
The proof of the following fact (belonging to folklore [8]) is a straightforward generalization of the proof that the
vertex dilation of the Delaunay triangulation of a planar point set is not greater than ((1 + √5 )/2)π given by Dobkin
et al. in [4].
Fact 1. The vertex dilation of the constrained Delaunay triangulation of a simple polygon is not greater than ((1 +√
5 )/2)π .
Note that ((1 + √5 )/2)π < 5.09.
Finally, recall that a diagonal of a simple polygon is a straight-line segment within the polygon that touches the
perimeter of the polygon only at its endpoints that must be vertices of the polygon.
1 In case of the geometric dilation, among all possible triangulations of a planar point set, the Delaunay is best, since it maximizes the minimum
angle causing maximum dilation.
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To begin with, let us note that in case of a single source of dilation our polygon triangulation problem can be solved
exactly quite rapidly.
Theorem 1. A triangulation of a simple n-vertex polygon with a single vertex source of dilation achieving minimum
vertex dilation can be constructed in time O(n).
Proof. The so called shortest path tree originating from the single source of dilation within the polygon can be
constructed in time O(n) [3,9,10]. Since the tree can be viewed as a partial triangulation of the polygon, it remains to
complete it to a complete triangulation which can be done in time O(n) [3]. 
Already for two vertex sources of dilation the exact method of Theorem 1 does not seem to be helpful. Thus, we
resort to approximation.
Let ε be a positive constant, let P be the input polygon on n vertices, and let S be a set of k ∈ O(1) distinguished
vertices which are the sources of dilation.
Let δ be the largest constant satisfying (1 + 4.09δ
n
)n − (1 − 4.09δ
n
)n  ε. Note that δ  ε/16.36.
Our polynomial-time (1 + ε)-approximation algorithm is based on dynamic programming. To specify it we need
to introduce a special class of subpolygons of P : triangles and subpolygons defined by a single diagonal of P . More
precisely, these subpolygons Q of P result from cutting along r  3 non-intersecting diagonals (ui, vi) of P , where
i = 1, . . . , r , and vi follows ui in the clockwise order on the perimeter of Q, and for j = 2, . . . , r also uj follows vj−1
in the clockwise order, and if r  2 then Q is assumed to be just a triangle.
For such a subpolygon Q, let Qi denote the subpolygon of P that is adjacent to Q and results from cutting P
along (ui, vi), see Fig. 1.
A subproblem in the dynamic programming method is specified by Q, input assertions I (ui), I (vi), i = 1, . . . , r ,
output assertions O(ui), O(vi), i = 1, . . . , r , and a parameter d .
For i = 1, . . . , r , the input assertions I (ui) and I (vi) are vectors whose coordinates are in one-to-one cor-
respondence with the sources of dilation in the complementary subpolygon Qi . The coordinates are in the set
{1,2, . . . , n/δ}.
Symmetrically, for i = 1, . . . , r , the output assertion O(ui) and O(vi) are vectors whose coordinates are in one-to-
one correspondence with the sources of dilation outside the complementary subpolygon Qi . Again, the coordinates
are in the set {1,2, . . . , n/δ}.
Intuitively, the input assertions can be interpreted as assertions on triangulations of the complement polygons Qi ,
i = 1, . . . , r , in the class of triangulations of Qi that have dilation approximately d under the corresponding output
assertions O(ui), O(vi).
If, under these input assertions, one can construct a triangulation of Q which together with the asserted triangula-
tions of the complement polygons Qi has a vertex dilation with respect to S approximately d and satisfies its output
assertions, we regard such a subproblem as solved positively.
Fig. 1. An example of subpolygons Q and Qi .
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in one-to-one correspondence with s. Let ni be the number of vertices in Qi . We interpret as as follows: there is a path
from the dilation source s to the vertex ui in the asserted triangulation of Qi whose length, χ , is bounded as follows(
1 + 4.09δas
n
)(
1 − 4.09δ
n
)ni
 χ
distP (s, ui)

(
1 + 4.09δas
n
)(
1 + 4.09δ
n
)ni
.
Analogously, the input assertions I (vi) are interpreted. Observe that, in the above formula, the factor (1 + 4.09δasn )
represents an approximation to the dilation χ/distP (s, ui) whereas the ni th powers are error bounds, allowing an
approximation error that may grow with ni , but stays smaller than 1 + ε because of our choice of δ.
To specify the meaning of the output assertions, consider a source of dilation t outside Qi and the coordinate bt in
O(ui) in one-to-one correspondence with t . Note that the number of vertices in the subpolygon CQi complementing
Qi to P is n − ni + 2. We interpret bt as follows: there is a path from the dilation source t to the vertex ui in the
asserted triangulation of CQi whose length χ satisfies(
1 + 4.09δbt
n
)(
1 − 4.09δ
n
)n−ni+2
 χ
distP (t, ui)

(
1 + 4.09δbt
n
)(
1 + 4.09δ
n
)n−ni+2
.
Finally, we interpret the parameter d belonging to the set {1 + 4.09δ
n
,1 + 4.09×2δ
n
, . . . ,1 + 4.09n/δδ
n
} as follows:
there is a triangulation of Q such that under the input assertions, the triangulation fulfills the output assertions and
has vertex dilation with respect to all the sources of dilation in S (also those outside Q) between d(1 − 4.09δ
n
)n and
d(1 + 4.09δ
n
)n. (Note that d never exceeds 5.09n+1
n
for ε < 1.)
Our approximation algorithm is as follows.
Algorithm 1.
1. Test each subproblem R with underlying subpolygon being a triangle for whether or not its input assertions imply
its output assertions. If the test is positive declare R to be positively solved.
2. For each subproblem R whose underlying polygon Q has at least four vertices do the following in the order of
increasing vertex size of Q:
If Q = P let e be the only diagonal on the perimeter of Q. If there are three positively solved subproblems R1,
R2 and R3 with underlying subpolygons P1, P2 and P3 (see Fig. 2) such that
– P1 is a triangle lying within Q,
– P1 splits Q into P2 and P3 (one of the subpolygons P2 or P3 may be empty),
– if Q = P then P1 includes e on its perimeter and the input and output assertions associated with the endpoints
of e are the same in R and R1,
– for i = 2,3, if b is a diagonal of P along which P1 and Pi border then the input assertions for the endpoints of
b in R1 match the output assertions for the endpoints of b in Ri and vice versa,
– the value of the parameter d for R1, R2 and R3 is not larger than that for R then declare R to be positively
solved.
3. Pick a positively solved subproblem R of the lowest parameter d . Backtrack from a positive test of R collecting
the encountered diagonals e and b of P . Output the set of diagonals as a triangulation of P .
Fig. 2. Illustrating step 2 in Algorithm 1.
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verified in a straightforward way.
Remark 1. Let T be a triangulation of P whose dilation is at most 5.09. Consider a triangle (w,u, v) in T and a
single vertex source of dilation s in P . Suppose that s lies on the other side of (u, v) than w in P . Next, suppose that
we have the approximations(
1 + 4.09δi
n
)(
1 − 4.09δ
n
)m
 χP∪T (s, u)
distP (s, u)

(
1 + 4.09δi
n
)(
1 + 4.09δ
n
)m
,
(
1 + 4.09δj
n
)(
1 − 4.09δ
n
)m
 χP∪T (s, v)
distP (s, v)

(
1 + 4.09δj
n
)(
1 + 4.09δ
n
)m
,
where m is the number of vertices on the piece of perimeter of P including s between u and v. Finally, let
a := min
(
distP (s, u)
(
1 + 4.09δi
n
)
+ ∣∣(u,w)∣∣,distP (s, v)
(
1 + 4.09δj
n
)
+ ∣∣(v,w)∣∣
)
and let l be the result of rounding off the value
n(a − distP (s,w))
distP (s,w)4.09δ
to the nearest integer. Then l is an admissible coordinate in {1,2, . . . , n/δ}, and(
1 + 4.09δl
n
)(
1 − 4.09δ
n
)m+1
 χP∪T (s,w)
distP (s,w)

(
1 + 4.09δl
n
)(
1 + 4.09δ
n
)m+1
holds.
Lemma 1. Algorithm 1 is correct and yields a (1 + ε)-approximation of a triangulation of P achieving minimum
vertex dilation.
Proof. By induction on the size of the underlying subpolygon Q, we can easily show that if the corresponding
subproblem is positively solved then the backtracking from it yields a correct triangulation of Q. This proves the
partial correctness of Algorithm 1.
Let W be an optimal triangulation of P . By iterating Remark 1, starting from each source of dilation s, we can set
the coordinates of the input or output assertions respectively corresponding to s for the endpoints u of each diagonal
edge e of a triangle in W to l such that
– (1 + 4.09δl
n
) (1 − 4.09δ
n
)m  χP∪T (s,u)distP (s,u)  (1 + 4.09δln ) (1 + 4.09δn )m where m is the number of vertices on the piece
of perimeter of P between the endpoints of the diagonal that contains s, and
– for any two triangles in W sharing a diagonal edge e, the input assertions for each endpoint of e in the first triangle
are equal to the output assertion of the endpoint in the second triangle and vice versa.
Let l∗ be the largest of the coordinates in the input and output assertions assigned to the triangles in W in this way.
Let d∗ = (1 + l∗4.09δ
n
). It follows that the dilation of W with respect to the sources in S is between d∗(1 − 4.09δ
n
)n
and d∗(1 + 4.09δ
n
)n. It also follows that if we complete the specification of the triangular subproblems induced by
W by setting the parameter d to d∗ then Algorithm 1 in particular solves positively a subproblem with P as the
underlying polygon and d = d∗. By the interpretation of the parameter d and the partial correctness of Algorithm 1, the
backtracking would give us a triangulation of P whose dilation falls also between d∗(1 − 4.09δ
n
)n and d∗(1 + 4.09δ
n
)n.
By the definition of δ this yields a (1 + ε)-approximation. 
Lemma 2. Algorithm 1 can be implemented in time O((n/δ)6k+1n3).
Proof. We can roughly estimate the time complexity of our method as follows. The values distP (s, v) for all s ∈ S
and all vertices v of P can be computed in total time O(kn) by [3,9,10]. The total length of the vectors representing
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subpolygons is O(n3), among them O(n2) have more than three vertices. Hence, the total number of subproblems
is O((n/δ)6k+1n3). Solving the subproblems where the underlying subpolygon is a triangle takes time proportional
to their number, i.e., O((n/δ)6k+1n3). For a subproblem where the underlying polygon has at least four vertices, it
suffices to consider only O(n) possibilities of reducing it to subproblems R1, R2 and R3 satisfying the requirements
(1)–(5). Hence, the total time taken by solving the larger subproblems is also O((n/δ)6k+1n3). 
By Lemmata 1, 2, we obtain our main result.
Theorem 2. There is an FPTAS for a triangulation of a simple polygon with a constant number of vertex sources of
dilation achieving minimum vertex dilation.
Our FPTAS can be generalized to include polygons with a constant number c of polygonal holes. However, the
generalization cannot be directly obtained just by trying all possible O(1)-subsets of diagonals in order to transform
the input polygon with holes into a simple polygon and reduce the problem to a simple polygon one. Instead, we
have to generalize the concept of subproblem allowing the underlying polygon to include up to c + 1 diagonals of
the input polygon in case it is not a triangle, or up to three diagonals if it is a triangle. This increases the asymptotic
number of subproblems by the multiplicative factor of nc. Note that for any diagonal of the input polygon bounding
such an underlying subpolygon it is not any more given a priori from which side the shortest path using the edges
of the triangulation and polygon comes. Thus, the split of the sources of dilation between those corresponding to the
input assertions and the output assertions of an endpoint of such a diagonal becomes an additional characteristic of
a subproblem. This further increases the number of subproblems by a multiplicative factor of 2c. Finally, to compute
the geometric shortest paths between pairs of points within the polygon with holes we can use the method from [11].
We leave further details to the reader.
Theorem 3. There is an FPTAS for a triangulation of a simple polygon with a constant number of polygonal holes
and a constant number of vertex sources of dilation achieving minimum vertex dilation.
4. Final remarks
A lot of open problems on minimum dilation triangulations remain. Are the problems of finding a minimum vertex
dilation triangulation of a PSLG, a planar point set, or just a simple polygon NP-hard? If so, are they already NP-hard
in case the set of vertex sources of dilation is constrained to an O(1)-subset, and how closely can they be approximated
in polynomial time?
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